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Abstract: Four-dimensional quaternion-Kahler metrics, or equivalently self-dual Ein- 
stein spaces A4, are known to be encoded locally into one real function h subject to 
Przanowski's Heavenly equation. We elucidate the relation between this description 
and the usual twistor description for quaternion-Kahler spaces. In particular, we show 
that the same space A4 can be described by infinitely many different solutions h, as- 
sociated to different complex (local) submanifolds on the twistor space, and therefore 
to different (local) integrable complex structures on M.. We also study quaternion- 
Kahler deformations of M. and, in the special case where M. has a Killing vector field, 
show that the corresponding variations of h are related to eigenmodes of the conformal 
Laplacian on M.. We exemplify our findings on the four-sphere S A , the hyperbolic 
plane H 4 and on the "universal hypermultiplet" , i.e. the hypermultiplet moduli space 
in type IIA string compactified on a rigid Calabi-Yau threefold. 
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1. Introduction and summary 

Einstein spaces with self-dual Weyl curvature have been much studied both in the 
mathematics and physics literature. On the mathematics side, they embody the no- 
tion of quaternion-Kahler geometry in four dimensions, and are thus amenable to the 
same algebro-geometric, twistorial techniques as their higher-dimensional cousins [1]. 
In the case of compact Einstein spaces with positive scalar curvature, the self-duality 
constraint is so strong as to leave only two possibilities: the four-sphere S 4 equipped 
with the round metric, and the complex projective plane CP 2 = SU(3)/U(2) equipped 
with the Fubini-Study metric. For non-positive curvature however (the zero-curvature 
case corresponding to hyperkahler manifolds), the situation is much richer and a clas- 
sification is still lacking. 

On the physics side, self-dual Einstein spaces are the natural notion of gravitational 
instanton in the presence of a cosmological constant. In the case of negative curvature, 
these spaces can also be used as target spaces for locally supersymmetric sigma mod- 
els with 8 supercharges [2]. A prominent example is the hypermultiplet moduli space 
M.h{X) for type IIA string theory compactified on a rigid Calabi-Yau manifold X, 
which has received much attention in recent years [3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Com- 
puting the exact self-dual Einstein metric on Mu(X) including all instanton corrections 
is still an open problem, which motivates the present study. 

As shown long ago by Przanowski [13], self-dual Einstein metrics M. can be de- 
scribed locally by one real function h on an open neighborhood U in A4 coordinatized 
by complex coordinates z a , a = 1,2, subject to the partial differential equation 



where, h% = dh/dz 1 , etc. Any solution of this equation then leads to a self-dual Einstein 
metric on IA given by 



normalized such that the Ricci scalar satisfies the standard convention in four dimen- 
sions R = 4A. The "master equation" (1.1) is a variant of Plebanski's "first heavenly 
equation" , which similarly parametrizes hyperkahler metrics in terms of one real func- 
tion on an open set in C 2 . It is crucial to note that (1.2) exhibits the metric in Hermitian 
form with respect to a local (integrable) complex structure Jh with complex coordinates 
z 1 , z 2 . This in general can only hold locally: indeed, self-dual Einstein spaces generally 
have no globally defined complex structures, as exemplified by S* 4 . 

The Przanowski form of the metric (1.2) provides a concise way of summarizing 
the constraints of quaternion-Kahler geometry in 4 dimensions. Moreover, it offers a 
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convenient starting point for analyzing perturbations of Ad consistent with the self-dual 
Einstein property [11]: indeed, such perturbations correspond to solutions 5h of the 
"linearized master equation" 

dPrz h (5h) = 0, (1.3) 

where h is a solution of (1.1), Shits infinitesimal variation, and we defined the linearized 
Przanowski operator 

dPrz h = (h 22 + 2 e^didi + hnd 2 d 2 - h 12 d 2 di - h 2 idid 2 + e h (2hn - |/ii| 2 - h x d\ - hidx) . 

(1.4) 

Of course, there may be obstructions to integrating a solution of (1.4) to a smooth 
deformation of A4, as must be the case for compact positively curved manifolds. More- 
over, as will be apparent presently, some of the solutions of (1.4) may be "pure gauge", 
i.e. may describe the same metric M. up to diffeomorphism. 

Indeed, there are in general infinitely many ways of expressing a given self-dual 
Einstein metric in Przanowski form (1.2). One obvious source of infinities, comes from 
holomorphic changes of variables of the restricted form [14], 

^-Z^/CsV), z 2 - z' 2 = g{?) , (1.5) 

h(z\ z 2 ) -> h'(z\ z 2 ) = h (f(z\ z 2 ),g(z 2 )) - log (g 2 (z 2 ) g 2 (z 2 )) . (1.6) 

This change of variables preserves the local complex structure Jh and leads to the same 
metric up to diffeomorphism. At the infinitesimal level, the holomorphic change of 
variables (1.5) leads to "pure gauge" solutions of the linearized equation (1.4), of the 
form 

dPrz ft {h x 5f + h 2 5g + 5g 2 ) = {5ft + 5fd l + 5g 2 + 5g d 2 ) Prz(/i) = , (1.7) 

where 5f(z l ,z 2 ) and Sg(z 2 ) are infinitesimal versions of (1.5). 

More significantly, as emphasized by Tod [15] and reviewed later in this work, the 
Przanowski Ansatz (1.2) can be reached for any choice of local integrable complex 
structure J. In particular, different local integrable complex structures J and J' lead 
to different solutions h(z l , z 2 ) and h'(z n , z' 2 ) of the master equation, such that J = Jh 
and J' = J^. These solutions describe the same self-dual Einstein metric, but the 
coordinate systems (z 1 ,^ 2 ) and (z n ,z' 2 ) are in general related by a non-holomorphic 
change of variables, as depicted in Figure 1 (to be elaborated on below). Quaternion- 
Kahler spaces admit infinitely many integrable local complex structures, which provides 
infinitely many ways of expressing the same self-dual Einstein metric in Przanowski's 
form. Unfortunately, it is not known how to express the corresponding "pure gauge" 
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Figure 1: Two Przanowski coordinate systems (z 1 ,^ 2 ), (z ll ,z 12 ) associated to two different 
submanifolds C,C C Z are related by a non-holomorphic coordinate change. The relation is 
found by intersecting the twistor line through ^(z 1 ,^ 2 ) 6 C (the vertical line in this figure) 
with C 

solutions Sh of (1.3) in terms of the unperturbed solution h and its derivatives as in 
(1.7). 

Our purpose in this note is to make contact between the Przanowski parametriza- 
tion of self-dual Einstein spaces, reviewed above, and the standard twistor description 
of quaternion-Kahler spaces, recalled below. In doing so, we shall address the problem 
just raised, and provide a way to generate all solutions of the master equation which 
describe the same self-dual Einstein space using twistor techniques. 

1.1 Preview of main results 

To preview our main result, recall that for any 4n-dimensional quaternion-Kahler space 
Ai, one may construct its twistor space Z, a two-sphere bundle over M. which admits a 
canonical integrable complex structure together with a complex contact structure. Any 
local section of this bundle gives rise to an almost complex structure on an open subset 
U = 7r(W) C M.. The key fact for us is that this (local) almost complex structure is 
integrable if and only if the submanifold C defined by the section is a (local) complex 
submanifold on U C Z [16]. 

On the other hand, the quaternion-Kahler metric on A4 is related to the Kahler- 
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Einstein metric on Z via 



A 



ds\ 



ds 



: 2 z -e~ 2K \X 



(1.8) 
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M — 



where X is the (local) complex contact one-form and K is the (local) Kahler potential 
on Z. Restricting (1.8) to the submanifold C and identifying he = —2K on that slice, 
we can express the quaternion-Kahler metric on Ai in the Hermitian form [17] 



where z a , a = 1, . . . , 2n are complex coordinates along C and Xe is the restriction of the 
contact one-form to C. For n — 1, one may always choose complex coordinates z l ,z 2 
and perform a suitable Kahler transformation such that X\e = dz 2 , hence recovering 
the Przanowski Ansatz (1.2). As for the master equation (1.1), it can be shown to follow 
from the Monge-Ampere equation 1 on Z. We have therefore identified the twistorial 
origin of the Przanowski function he- it is just a "tomogram" of the Kahler potential 
K along the complex submanifold C. Varying the choice of locally integrable complex 
structure J on A4, therefore the complex submanifold C of Z, one can in principle 
reconstruct the Kahler potential on the whole of Z. 

Having established the twistorial origin of the Przanowski function, we can cast the 
solutions of the linearized master equation (1.3) into the formalism developed in our 
previous work [18] for linear deformations of quaternion-Kahler manifolds. To this end, 
we use the fact from [18] that deformations of the Kahler potential K on Z (or rather, 
of the contact potential, defined in (2.5) and (2.8) below) can be written as a contour 
integral of a certain holomorphic function (more precisely a section H (1) of the Cech 
cohomology group H l (Z, 0(2))), which encodes the variation of the contact transfor- 
mations between various local Darboux coordinate systems on Z. In the special case 
where the unperturbed metric M. has a Killing vector, this leads to a contour integral 
formula (6.13) for the corresponding deformation Sh of the Przanowski function. This 
formula is very similar to the Penrose-type formula (6.9) which produces eigenmodes 
of the conformal Laplacian from sections ^ in H l (Z,0(—2)) (as discussed in [19]). 
This is not an accident because, when Ai has a Killing vector, the linearized master 
equation (1.3) turns out to be equivalent to the conformal Laplace equation for the 

Observe that, except for the last step, the argument just outlined holds in arbitrary dimen- 
sion: for n > 1, it is still possible to parametrize the most general 4rt-dimensional quaternion-Kahler 
manifold in Przanowski-type form (1.9), with Xc chosen in one's favorite Darboux form such as 
Xq = X)"=i z 2l ~ 1 Az 21 . However, the constraints of quaternion-Kahler geometry will involve 2n — 1 
partial differential equations rather than a single one. 




(1.9) 
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rescaled function Sh/\hi\ 2 , as explained in (6.5) below. In this fashion, we can identify 
the holomorphic sections H w and \& in the particular trivialization introduced in [19]. 

The rest of this note aims at substantiating the above claims and illustrating them 
on various examples. It is organized as follows: In Section 2, we review the twistorial 
description of quaternion-Kahler spaces. In Section 3, we explain how all solutions 
of the master equation can be obtained by restricting the Kahler potential on the 
twistor space on any local complex submanifold, provide explicit formulae for relating 
different classes of solutions, and discuss how to recover the full twistor space from 
a single "tomogram". In Section 4 we consider self-dual Einstein spaces with one or 
two commuting isometries and relate the respective Toda and Calderbank-Pedersen 
descriptions to the Przanowski framework. In Section 5 we illustrate these results by 
revisiting the S A and if 4 examples, as well as a deformed, non-compact version of CP 2 
which describes the perturbative hypermultiplet moduli space of Type IIA string theory 
compactified on a rigid Calabi-Yau threefold. Finally, in Section 6, we present one of our 
main results, a Penrose-type formula which produces a solution to the linearized master 
equation (1.3) from an element of H l (Z, 0(—2)) (locally, a holomorphic function on Z), 
and explain the relation with the H l (Z, 0(2)) section which governs the perturbations 
of Z. These results are illustrated on instanton corrections to the afore-mentioned 
hypermultiplet moduli space. 

2. Review of the twistor approach to quaternionic geometries 

In real dimension 4n > 8, a quaternion-Kahler manifold M. is a Riemannian manifold 
with metric g_M an d Levi-Civita connection V such that the holonomy group is con- 
tained in USp{n) x SU(2), see e.g. [20]. In dimension 4n = 4, the case of interest 
in this paper, this holonomy condition is trivially satisfied, and must be replaced by 
the condition that the metric be Einstein and the Weyl curvature be self-dual. In any 
dimension, quaternion-Kahler manifolds can also be defined as Riemannian manifolds 
that admit a triplet of almost complex Hermitian structures J (defined up to SU(2) 
rotations) satisfying the algebra of the unit imaginary quaternions. The quaternionic 
two-forms lj m (X, Y) = g M (JX,Y) must be covariantly closed with respect to the 
SU (2) part p of the Levi-Civita connection and be proportional to the curvature of p, 

du M + p x u M = , dp + -pxp= ^u M , (2.1) 

where we use the notation (v x w) a = e abc v b A w c ; a, b, ... = 1, 2, 3. The fixed coefficient 
v is related to the constant Ricci scalar curvature via R = An(n + 2)u and therefore in 
four dimensions, v — A/3 with the standard convention for the cosmological constant 
A as in the previous section. 
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2.1 Twistor space and complex contact structure 

A quaternion-Kahler manifold (Ai,g,J) can be efficiently described by means of its 
twistor space Z, a CP 1 bundle over /A, whose connection is given by the SU(2) part 
p of the Levi-Civita connection on M.. We denote by 7r the projection from Z to M.. 
Z admits a canonical integrable complex structure and a (pseudo 2 -) Kahler-Einstein 
metric [20] 

, n \Dt\ 2 A 9 , . 

Here t is a complex stereographic coordinate on CP 1 , and Dt is a one- form of Dolbeault 
type (1, 0) on Z, 

Dt = dt + p + -ip 3 t + p-t 2 , (2.3) 

where we define v = —\{v x =Fiw 2 ) for any real vector v. Under SU(2) frame rotations, 
p transforms as a SU(2) connection while t undergoes Moebius transformations. More 
concretely, under the infinitesimal transformations 

St = e + -ie 3 t+e~t 2 , Sp + = -ie 3 p + +ie + p 3 -de + , 5p 3 = 2i(e"p + -e + p")-de 3 , (2.4) 

Dt transforms homogeneously and the first term in (2.2) is gauge invariant. 

While Dt is only defined up to a multiplicative factor, its kernel is globally well- 
defined and endows Z with a canonical complex contact structure [20] . As explained in 
[18, 21], the contact structure X descends naturally from the Liouville one-form on the 
Swann bundle (or in physics parlance, hyperkahler cone) S. In practice, it is convenient 
to use an open covering Ui of Z, and represent the complex contact structure by an 
holomorphic one-form X® defined on each patch Ui, such that X™ and X^ differ on 
the overlap Ui H Uj by multiplication by a non- vanishing holomorphic function. While 
the (1, 0) form Dt is not holomorphic (i.e. <9-closed), it lies in the kernel of the complex 
contact distribution, so on each patch (after suitable refinement) there exists a complex 
valued function $W such that [18, 21] 3 

*M =2e * w — . (2.5) 

The function <3>M, which we call the contact potential, is non- holomorphic on Z but its 
restriction to each fiber is, so we denote it as $W(x M ,t) where are coordinates on 
M.. It is of course subject to the same ambiguity as the contact one-form X^ % \ namely 

(^H,$ [jl )~(/^U [ll +log(/^)) , (2.6) 



2 'Pseudo' refers to the fact that for negative scalar curvature A < 0, the metric (2.2) is pseudo- 
Ricmaimian with signature (2,4), whereas for A > it is positive definite. 
3 Thc factor of 2/t in (2.5) is purely conventional. 
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where is a holomorphic function on Ui. Moreover, on the overlap of two different 
patches, there must exist holomorphic gluing functions /?• such that 

X® = f*xV\, $M-$b1 = iog/g. (2.7) 

Combining (1.8), (2.5) and (2.2), it is now obvious that the contact potential determines 
a Kahler potential on Z via 

= log f 2 ) + Re $H (a^, t) , (2.8) 



and that the ambiguity (2.6) amounts to Kahler transformations. Moreover, the Swann 
bundle S, with hyperkahler metric [17, 19] 

ds 2 = e AH+AW+xH (| dA [i] + ^2 + ds |^ = | D7r |2 + ? (2g) 

where ir A ' parametrizes the C 2 /Z 2 fiber of S, Dir A ' = dn A ' + p A B irr B ' is the covariant 
derivative of ir A ' , and e AW is a local coordinate on the 0{— 1) line bundle over 2, can 
be reconstructed from the contact potential $W via 

= • ( 2 - 1() ) 

This relation was first obtained in the case of toric quaternion-Kahler manifolds in [19], 
but holds in fact in general, as can be seen by combining Eqs. 2.14,20,22,77,79 in [18]. 

2.2 Darboux coordinates and transition functions 

By Darboux theorem, any contact structure is locally trivial. Thus, possibly after 
refining the covering, it is possible to choose complex coordinates on Ui such that the 
complex contact form becomes canonical, i.e. 

X® = da® + £ W df w . (2.11) 

On the overlap U fl Uj, the two coordinate systems must be related by a complex 
contact transformation. In analogy with classical mechanics 4 , such transformations 
may be parametrized via a transition function if M(£N, a^) of the "initial position" 
"final momentum" £^1 anc l "final action" aP* such that, on U HUj, 

£b1 = £M + T M t |L?1 = |W + a b1 = a M + (2.12) 



4 The transition function is related to the standard Hamilton function via — 
_ #fa'](£N,fb1,a0). In particular, = for the identity map. 
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where we defined 

T M = _ d ^ H m + f.m daU]H M^ 

T fo1 =d m , T| ijl = H [ij] - ^ ] d^w H [ij] . 

The transition functions are subject to consistency conditions on triple overlaps Ui D 
Uj nUk, gauge invariance on Ui and reality conditions as described in [18, 21]. The 
original quaternion-Kahler metric on Ai may be recovered from this holomorphic data 
by constructing the "real twistor lines", i.e. by solving the gluing conditions (2.12) and 
expressing the complex coordinates on 2 in terms of the fiber coordinate t 

and the base coordinates x M . The SU(2) connection p can then be read off by Taylor 
expanding X™ around any point t = U in Ui and using (2.5), (2.3). 

2.3 Integral equations for the twistor lines 

The Darboux coordinates £^,£^,a:M, viewed as functions of the fiber coordinate t 
for a fixed point x M G At, are usually required to be analytic inside the patch Ui. 
Upon analytic continuation outside Ui, one generically encounters singularities. As 
demonstrated in [18, 21], expanding around such a singular point can significantly 
simplify the retrieval of the metric on Ai. In particular, it is useful to relax slightly 
the condition of regularity of the Darboux coordinates and allow for a simple pole 
in the Darboux coordinate £ at t = and at the antipodal point t — oo, while £ 
and a can have a logarithmic singularity at these points. This singularity structure 
emerges naturally from the superconformal quotient of toric hyperkahler manifolds, 
and continues to hold for a class of finite deformations, though we do not expect it to 
be generally valid. As will become clear in Section 3, the advantage of such a choice 
is that the section t{x^) = is the vanishing locus of a holomorphic function, namely 
l/£ = 0, and therefore leads to a (local) integrable complex structure on Ai. 

To keep our notations consistent with [18, 21], we assume that t = belongs to 
the "north pole" patch U + . According to our assumption, the Darboux coordinates 
must therefore behave at t = as [18] 

= & t- 1 + + d +] t + o(t 2 ) , 

= cf log t + S + l + t + 0(t 2 ) , 
a [+] = c a log t + C | d + i t- 1 + oi +] + 4 +1 1 + 0(t 2 ) , 
$W =0W+0Wt + O(t 2 ). 

The coefficients c a and of the logarithmic singularity are real numbers sometimes 
called "anomalous dimensions". Together with the transition functions, they com- 
pletely specify the twistor space and the original quaternion-Kahler manifold. 
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Assuming the behavior (2.14) at t = and enforcing the reality conditions described 
in [18, 21], the gluing conditions (2.12) can be rewritten as the following exact integral 
equations [22] 

« M (*, x") = \ B a + \ £ l ~ ^ (0 + c Q log f + (r 1 + f ) , 

where Cj is a contour surrounding the patch Uj, and x M = {1Z, A,B,B a } are real 
parameters which can be used as coordinates on Ai. These equations generalize the 
Riemann-Hilbert problem discussed in [23] in the context of hyperkahler geometry, 
and determine the twistor lines as a formal power series in H, which we assume to be 
convergent. 

Having determined the twistor lines in this fashion, the contact potential can ob- 
tained as 

i r c\t' t' + / 

^(i,/) = ^)--5] ^vh log ^~ day]H[+J]{t '^ ' (2 - 16) 

where the real function 0(x M ) (the real part of $' + ' evaluated at t = 0) is determined 
in terms of the base coordinates via 



" 4 

j 



? L 2^ v - t,] f[+Ht,) + \ ^ A + cq) • (2 - i?) 



Note that (2.16) reduces to $W(t,x M ) = </>(x M ) in the special case where the transition 
functions are independent of the action variable a^. This is the relevant case 
when Ai admits one isometry, as discussed later in Section 4. 

Following the method outlined in the previous subsection, one may extract the 
SU(2) connection by expanding around t — 0, 



P+ 



p 3 = \ e~^ ] (d4 +] + ei +] de ] + d1dH +] ) - rf +]P+ , (2 ' 18) 
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where 0?m , <p} + -, can be expressed in terms of the Laurent coefficients of the contact 
twistor lines, 

^ (2 19) 

4+1 J- a"*' („W + 2a?? 1 + + <= t -d +1 ) ■ 

By expanding the holomorphic one-forms d£' + ', d£W and da around t = and pro- 
jecting along the base Ai, one may also obtain a basis of (l,0)-forms on M. for the 
quaternionic structure J 3 . Finally, by using the second equation in (2.1), one may fur- 
ther compute the quaternionic 2-forms, and finally obtain the quaternion-Kahler metric 
on M. 

2.4 Constraints on the Kahler potential 

As explained in [17], the existence of a complex contact structure implies certain con- 
straints on the Kahler potential K(u l ,u 1 ). 5 Let us define the holomorphic two-form 
Wij, Reeb vector y i and (antisymmetric) bi- vector Cfi via 

u ij = -d [i X lh XiY = l, w y y = 0, uj lk uj kj = -5} + y i X j . (2.20) 

Then the constraints that Z is the twistor space of a quaternion-Kahler manifold can 
be summarized by the three equations 

yi = X i e ~2K _ £ij K . ^ -ij = ^jij + R i x j _ K j X i^ e -2K ^ Q 21 j 

det K is = - e~ 4K , (2.22) 

where the indices are raised and lowered with the metric and its inverse K 1 ^. In 
particular, the requirement that the metric on Z should be Kahler-Einstein is the 
the Monge-Ampere-Liouville equation (2.22). Moreover, it follows from (2.20) that 
ufiXj = 0, and from (2.21) that X^X 1 = e~ 2K : the Kahler potential on Z is thus 
obtained as the logarithm of the norm of the contact structure. 

In Darboux coordinates, the above constraints can be made more explicit. Indeed, 
the conditions (2.20) uniquely specify 

uj = -df A df , y = d a , Cj = 2£<% Ad a - 2<% A , (2.23) 

5 In this subsection we drop the patch index [i], but introduce complex coordinates u l , i — 1, 2, 3 on 
Z, hoping that the use of the same letter will not confuse the reader. 
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while the constraints (2.21) reduce to the following three equations, 

K, = \ (&* + CA ") e~ 2K , 
K-t -iK a =-\ (K* + e~ 2K , (2-24) 

e 2K = R aa + + ^af + |f |2#« ? 

to be supplemented by the Monge-Ampere Equation (2.22). These constraints will be 
useful in the next section when deriving the master equation (1.1) from the twistor 
space. 



3. Przanowski metrics from twistor space 

Having recalled generalities about quaternion-Kahler spaces in the previous section, we 
now come to the main goal of this note, which is to clarify the geometric nature of 
the Przanowski metric (1.2) and to understand when different solutions of the master 
equation (1.1) lead to quaternion-Kahler metrics that are related by diffeomorphisms. 
All of this section holds independent of the assumptions made in section 2.3, except 
when we explicitly use some properties of the twistor lines for the t — slice leading 
to (3.23). At the end of this section, we also show how the full twistor space can be 
recovered from a single "tomogram", or a Przanowski solution, by solving a recursive 
system of differential equations. This system simplifies considerably in the presence of 
isometries. In particular, the contact potential can be found exactly, see (3.36), though 
the twistor lines must still be obtained recursively. 

3.1 From self-dual Einstein spaces to Przanowski metrics 

As already mentioned in the introduction, the metric (1.2) is manifestly hermitian 
with respect to a local integrable complex structure J with complex coordinates = 
(z 1 , z 2 , z l , z 2 ). To show that the metric (1.2) is quaternion-Kahler, it suffices to check 
that the conditions (2.1) are satisfied for 

p + = e h/2 dz 2 , p 3 = l -(d-B)h, p- = ( p + y j (3.1) 
lu 3 = 2ig a pdz a A d^ , u~ = , (3.2) 

l(d a dph + 25 2 J 2 e h ), (3.3) 



+ 6 
U =A 



e h/2 h dz 1 A dz 2 



where 

9af3 
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and d = dz^di + dz 2 d 2 is the Dolbeault operator associated to J. A straightforward 
computation shows that (2.1) indeed holds provided h satisfies the master equation 
(1.1). Eqs. (3.1) and (3.2) were obtained in a different local SU(2) frame in [24]. One 
virtue of the above choice is that uj + and p + are of Dolbeault type (2,0) and (1,0) with 
respect to J. This would of course also continue to hold after 17(1) frame rotations 

u + ^e w u + , uj 3 ^uj 3 , p + ^e w p + , p 3 -> p 3 + d6 , (3.4) 

for any real function 9{x^). 

To show that any self-dual Einstein metric can be locally cast into the Przanowski 
Ansatz, we start by choosing a linear combination J = n a (x At )J a ;a = 1,2,3 of the 
quaternionic structures, where n is a unit three-vector, such that J is (locally) an 
integrable complex structure. As discussed in the next subsection, there are infinitely 
many choices of n a {x^) corresponding to choices of complex submanifolds in the twistor 
space Z. Upon performing a suitable SU(2) frame rotation, there is no loss of generality 
in assuming that J = J3. The corresponding quaternionic form u + and connection p + 
are then of Dolbeault type (2,0) and (1,0) with respect to J. One may now perform a 
suitable holomorphic change of variable such that p + is proportional to the holomorphic 
one-form dz 2 , i.e. 

p + = e A dz 2 , (3.5) 

for some complex- valued function A(x fl ). Clearly, z 2 is ambiguous up to holomorphic 
changes of variables of the form (1.5), whereby A changes as A — > A — log g% {z 2 ). The 
conditions (2.1), written in component as 

duo + + ip + A uj 3 - ip 3 A uj + = , du 3 - 2ip + Au~ + 2ip~ A u + = (3.6) 

for the curvature two-forms, and 

dp + + ip + Ap 3 = -u + , dp 3 - 2ip + A p~ = — oo 3 , (3.7) 
6 6 

then uniquely specify 

12 

p 3 = i (d a A dz a - d a A dz a ) , uo + = — e A d z i (Re A) dz 1 A dz 2 . (3.8) 

Computing u; 3 from the second equation in (3.6) and multiplying with the complex 
structure J 3 then leads to the metric (1.2), where the Przanowski function is identified 
with the real part of A, 

h = A + A. (3.9) 

In particular, under holomorphic changes of variables of the form (1.5), h changes as 
prescribed in (1.6). On the other hand, the imaginary part of A can be shifted away 
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after a U(l) rotation, since A — > A + 16 induces the rotation (3.4) on the connection 
and quaternionic forms. The choice made in Appendix C.2 of [24] corresponds to 
A — A = log(hi/hi), while the one in (3.1) corresponds to A — A = 0. 

3.2 From twistor spaces to Przanowski metrics 

We now discuss how to obtain the Przanowski metric (1.2) in a top-down approach, 
starting from the twistor space Z. Recall that for any Kahler-Einstein space Z equipped 
with a complex contact structure X, the quadratic differential 

d^ = ^(d4-e- 2 *|Af) , (3-10) 

has a two-dimensional kernel and signature (4,0). Its restriction to any real-codimension 
2 (local) submanifold C transverse to the contact distribution, i.e. such that X\c ^ 0, 
produces local self-dual Einstein metrics on M. that are diffeomorphic to each other. 
Suppose now that C is a complex submanifold of Z, given by the vanishing of some 
holomorphic function C(u l ) = on Z. The first term in (3.10) restricts to a Kahler 
metric, locally defined on Ai, whose Kahler potential Kq is the restriction of the Kahler 
potential K on Z to the submanifold C. As for the second term, two possibilities arise: 

i) either the two- form dX\c = vanishes on C; in this case there exists a holomorphic 
function z 2 such that X\c = dz 2 ; since z 2 is non-constant, it can be taken as 
a complex coordinate on an open subset in C, and supplemented by a second 
coordinate z 1 on C such that dz 1 A dz 2 ^ 0; 

ii) or the two-form dX\c is non-degenerate on C; by Darboux's theorem, there exists 
complex coordinates z 1 , z 2 on an open subset in C such that X\e = z l dz 2 ; 

Both cases can be treated simultaneously by assuming that 

X\c = e Fc[zl ' z2) dz 2 (3.11) 

on an open subset of C, coordinatized by complex coordinates z 1 , z 2 . This covers cases 
i) and ii) above, with e Fc = 1 and e Fc = z l respectively, but allows for more general 
coordinate choices. Identifying 

h = -2K C + F C + F C , (3.12) 

we see that the metric (3.10) reduces to the Przanowski form; in particular, h defined 
in (3.12) must be a solution of the master equation (1.1). In Appendix A, we show 
how this follows from the constrains of twistor geometry discussed in Section 2.4 for 
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the special choice C{u % ) = £, but the derivation can be easily generalized to any slice. 
Moreover, the quaternionic structures (3.2) can also be obtained from the twistor space 
using [17] 

u s a p = -i (Krf - e~ 2K X a X $ ) , w+j = e- K (u af3 + K a X p - K p X a ) . (3.13) 

As in (3.5), Eq. (3.11) determines z 2 up to holomorphic changes of variables of the 
form (1.5), whereby Fq changes by Fq — > Fq — logg 2 ("2 2 ); reproducing the holomorphic 
ambiguity of h in (1.6). More significantly however, changing the complex submanifold 
C produces new solutions of the master equation (1.1) which describe the same metric 
A4 but are related to each other by non-holomorphic changes of variables, as we shall 
discuss in Section 3.3. 

In practice, it is useful to choose Darboux coordinates u % = (a, £, £) on Z, such 
that the contact structure X takes the form (2.11), and parametrize Ai by solving the 
condition C(u) = for one of the coordinates u l in terms of the other. In the remainder 
of this subsection, we illustrate this process for several choices of parametrizations. 

3.2.1 £-parametrization 

Suppose the submanifold C can be described locally as £ = £(«,£), where £ is any 
holomorphic function of a, £. The condition (3.11) then reduces to the three conditions 

<%z 2 = e-^£ , d a z 2 = e- F i, («% - F i + dj = . (3.14) 

for the functions i^(a,£) and z 2 (a,£). The last condition is in fact the integrability 
condition for the first and second. z l (a,C.) can be chosen arbitrarily in such a way 
that the Jacobian d^z 1 , z 2 )/d(a, £) is non-zero. Different solutions will be related by 
holomorphic changes of variables of the form (1.5). 

A particular class of submanifolds £ = £(a, £) where (3.14) can be solved explicitly 
are those of the form £ = d^W(^), where W is an arbitrary holomorphic function of £: 
in this case, one may choose 

z x = Z, z 2 = a + W(i), F i = 0, (3.15) 

leading to the following infinite class of solutions of Przanowski equation 

h w (z\ z 2 ) = -2K (W'iz 1 ), z\z 2 - W^z 1 )) , (3.16) 

where W denotes the derivative of W. The case W = allows for a particularly simple 
derivation of the master equation, as outlined in Appendix A. 
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3.2.2 d-parametrization 

Suppose now that the submanifold C is described locally as a = a(£, £). The condition 
(3.11) now reduces to the three conditions 

d^z 2 = e~ F& d^a, d^z 2 = e~ F& (f + dp) . (3.17) 

dp d^F & - dp. d^F & = f € F 4 - 1. (3.18) 
Again, the third equation is the integrability condition for the first two. 

3.2.3 t = slice 

A particular convenient choice of submanifold C is the special locus t{x^) = 0, intro- 
duced in Section 2.3, where one of the Darboux coordinates £ diverges linearly. This 
may be viewed as a special case of the £-parametrization, given formally by £ = oo. 
This complex submanifold was used in the superconformal quotient constructions of 
[17, 25, 26], and is particularly convenient for reconstructing the twistor space from 
the Przanowski function h in the presence of one isometry, as will become apparent in 
Section 3.4. 

Since the contact potential <3> is assumed to be regular on the section t — 0, the 
Kahler potential (2.8) diverges at that point. This is repaired by a Kahler transforma- 
tion 

K^K' = K-\og\Z\= Re$-log — l^L (3.19) 
combined with a rescaling of the contact form (2.11), 

X X' = i~ x X = d£ + £ _1 da . (3.20) 
Now the limit t = is regular and yields 

K' t=0 = 4,(3?) - log iSzll , X'\ t=0 = d(fl +] + c^logdl) , (3.21) 

where £0^ are the Laurent coefficients appearing in (2.14). Defining the complex 
coordinates z l ,z 2 as 



1 _ J+l 



z = a 







c a log tl - qA , z 2 = fi +1 + c e ~ log Cl , (3-22) 



such that F t= o = 0, we can finally cast the metric into the Przanowski Ansatz with 

h = -2K' t=0 = -20OO + 2 log |. (3.23) 
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3.2.4 Relating different parametrizations 

While each of the parametrizations above have their own virtues, it turns out that 
they can all be mapped to each other (locally) by a suitable contact transformation. In 
particular, the slice £ = a) can be mapped to £' = oo via the contact transformation 

? = -e F */tf-S, 
£ + qlogC = z 2 (i, a) + c Q (£ - i)e~% (3.24) 

a' - cg' + c a log £' = -|, 

where F| satisfies the differential equation (3.14). Indeed, it is readily checked that 
X'/g = e~ F £X. 

Similarly, the slice a = a(£, £) can be mapped to the slice £' = oo by the following 
complex contact transformation, 

£' = 1/ (« - a) , 
£ + C |log£' = ^ 2 (£,0 + (e- F * - c a ) (a -a), (3.25) 
a' - eg' + c a log f ' = -e"^ , 

such that X'/£' = e~ F& X. Here is the function defined by the differential equation 
(3.18). By combining these two transformations, one can dispose of the singular slice 
£' = oo and relate the £ and a parametrizations directly, 



a — a 

-F& (■, ~\ 12, 



2?(£,t)+e-**(a-a) = 2P(?,a{), (3.26) 
such that e~ F& X = e~ F i'X'. 

3.3 Isometric solutions and non-holomorphic coordinate changes 

As indicated previously, different choices of submanifold C lead to different Przanowski 
representations of the same metric, where different (local) integrable complex structures 
are manifest. There is however a clear way to relate different representations, depicted 
in Figure 1 on page 4: let 

i: (z\z 2 ) eV -^C C Z 

i! :{z'\z' 2 )eV -C' C2 (3 ' 2?) 

be the two submersions from open subsets V,V in C 2 into the submanifolds C,C, 
corresponding to two different Przanowski representations. Consider now 

z£V^(i')- 1 [ir- 1 [7r(i(z)]\JC'] G V , (3.28) 
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where 7r is the projection from Z to M.. In writing (3.28), we have restricted the 
open subsets V,V such that the twistor line above the point ir(i(z)) intersects C in 
one and exactly one point. Eq. (3.28) provides the map between the two coordinate 
systems (z 1 ^ 2 ) and (z' l ,z' 2 ). Because the projection 7r is non-holomorphic, this map 
is also non-holomorphic. Of course, if i(z) belongs to intersection C fl C, the map 
reduces to o i, so becomes holomorphic, but this generically happens only on a 

real-codimension 2 subspace of V, V. 

To illustrate this prescription, we now determine the change of variables between 
the "special slice" t = 0, corresponding to £ = oo, and a nearby slice parameterized by 

r^Vfea), (3.29) 

where W is considered to be infinitesimal. For simplicity, we assume that the anomalous 
dimensions vanish. In this case it is possible to solve equations (3.14) to first order in 
W and obtain 

e F «" « - -f- , z 1 « a, z 2 « £ + W. 3.30 
a a Ir 

For IV = 0, the coordinates z a and Przanowski function are given by 

4) = 4 +] , 4)=S +I . / i(o) = -20 + 21og|. (3.31) 



For W non-zero but vanishingly small, perturbing around this solution leads to 

'(o) 



z l zL+na [ + ] d a W, 



z 2 w 4) + 2e^ +1 d Q jy + W, (3.32) 



/i w /i( ) — 2 Re 



which is manifestly non-holomorphic. In particular, the variation 

5h = h- h (0) - 2 Re (Mz 1 - 4 0) ) + /i 2 (z 2 - zf 0) )) (3.33) 

provides an eigenmode of the linearized master equation (1.3) outside the class of trivial 
eigenmodes (1.7). Unfortunately, it does not seem possible to express Sh in terms of 
h, W and their derivatives only. 

3.4 Lifting back to the twistor space 

In this section we address the inverse problem: given a solution h of the Przanowski 
equation, construct the corresponding twistor space, in particular provide the contact 
potential and local Darboux coordinates. These are of course defined up to local com- 
plex contact transformations (see Section 2.2). Since all local complex submanifolds 
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are equivalent up to a contact transformation, as explained in Section 3.2.4, we can 
assume that h is associated to the complex submanifold = 0, along the lines of 

section 3.2.3. 

Under this assumption, we can address this problem as follows: Eq. (2.5) relates 

the Darboux coordinates to the SU (2) connection, which was evaluated in terms of the 

function h in (3.5), (3.8). The Przanowski coordinates (z 1 , z 2 ) can in turn be related to 

the Darboux coordinates using (3.22), where the coefficient £^ is in general complex. 

\A+h 

Moreover, one can use (3.23) in the form = — Zi/2 + log Comparing the resulting 
SU(2) connection with (2.18) and using (2.19), the first coefficients in the Laurent 
expansion of £ at t = are found to be 

& = ^, «i +, =«! + M +, + ^, (3.34) 

while the constant part of the contact potential is 

4 +1 = -log(2/ii). (3.35) 

Recall that 9 = 1mA can be shifted arbitrarily by rotating the complex structures. 
By choosing 9 = — ^ log I 1 , we can ensure that the coefficient £^ = 1Z is real, as is 
necessary for (2.15) to hold. 

To determine the higher order Laurent coefficients, one should solve a recursive 
system of differential equations following from (2.5). We demonstrate explicitly this in 
appendix B in the case when Ai admits two commuting Killing vectors. Such geometries 
can be described by Przanowski solutions h that depend only on Kez a . In this case, 
the Killing vector k — i{d\ — d\) lifts to a holomorphic Killing vector kz = id a , and 
therefore the transition functions must not depend on a. As explained in [18], 
this implies that the contact potential <3?M is the same in all patches and equal to the 
real function <f)(x^) so that from (3.35) 

$W = 0= -log(2/n). (3.36) 

On the other hand, the (9(2)-valued moment map for the vector field k' = i(c? 2 — d^) 
can be chosen to be one of the complex Darboux coordinates £, given globally by 

£ = A + K^- 1 -t) , (3.37) 

where A = £q + ' and 1Z are real and follow from (3.34) with vanishing 9 

Note that these identifications are valid even in the presence of only one isometry. The 
remaining complex Darboux coordinates can be found order by order as expansions in 
t by solving the differential equations (B.6). 
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4. Self-dual Einstein spaces with isometries 



We now turn to self-dual Einstein spaces with isometries. In Section 4.1, we review the 
relation between self-dual Einstein spaces with one isometry and solutions of the Toda 
equation, and map them to a particular class of solutions of the Przanowski equation, 
following [15] with a twist. In Section 4.2, we consider the case of two commuting 
isometries, and we show how the Calderbank-Pedersen metrics can be brought into the 
Toda-form. 

4.1 Canonical complex structure and Toda equation 

As shown by Tod [27], self-dual Einstein metrics with one Killing vector field can be 
written in local coordinates (p, z, z, ip) in the form 

3 



(4-1] 



where the isometry acts as a shift in the coordinate ip. Here, T is a function of (p, z, z), 
P = 1 — j pdpT, and 9 is a one-form such that 

d9 = i(d z Pdz - d- z Pdz) A dp — 2i d p (Pe T )dz A dz . (4.2) 

The integrability condition for (4.2) follows from the three-dimensional continuous Toda 
equation, 

d z d z T + d 2 p e T = 0, (4.3) 

which is the requirement coming from the Einstein self-duality condition of the metric 
[27]. To see the connection with the more familiar Toda equation from integrable 
systems, note that (4.3) follows from the equation 

d z d- z T + S T = , T — J 7 , (4.4) 

by differentiating twice with respect to p. Eq. (4.4) is recognized as the continuum 
limit of the sl(n) Toda system for n — > oo, and is amenable to the usual integrable 
techniques, e.g. its solutions can be constructed using free fermions [28, 29, 30] . 

As stressed already several times, there are infinitely many ways to cast (4.1) into 
Przanowski form (1.2), corresponding to different choices of integrable complex struc- 
tures on Ai. However, as explained in [15], there is one canonical choice of complex 
structure which makes the Killing vector field particular simple in Przanowski's vari- 
ables. To specify this complex structure, recall that to any Killing vector field k, one 
may associate the vector-valued moment map p via [31] 

Pk = \{r K + K-p), (4.5) 
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where p is the SU(2) connection and r is a three- vector which generates the rotation 
of the quaternionic two-forms under the Lie-derivative along k, 

C k uj + r K x uj = 0. (4.6) 

The moment map jl determines a global holomorphic section of H (Z,O(2)), repre- 
sented in the patch Ui by the holomorphic section 

$=**n{p+r x -\& + V rj) • (4-7) 

In particular, /^j encodes the holomorphic action of k on Z via Kz ■ AfW = y$ . Now, 
the vanishing of //m determines two sections t±{x li ), related by the antipodal map, and 
therefore one integrable complex structure (and its complex conjugate) canonically 
associated to the Killing vector k. Choosing this complex structure [15] leads to a 
Przanowski representation for the metric (4.1) with a "type 1" isometry, i.e. such that 
h\ = hi [32]. The relation between h,z l ,z 2 and T,p,z is given by the Lie-Backlund 
transformation 

z = z 2 , p=l/{2h 1 ), T = h + 2\ogp. (4.8) 
The moment map for the Killing vector n\ = i(d z i — <9ji) is easily computed to be 

/V = -|-(0,0A), (4-9) 

so that the two sections are t + {x^) = and t_(x fl ) = oo. Thus, the complex subman- 
ifold t = plays once again a distinguished role, as it produces a Przanowski solution 
adapted to the Killing field n. Using the identifications (3.38), (3.36) valid for this slice, 
the Toda variables p and T can therefore be related to the twistorial data 

p = e , T = 2 log(ft/2) . (4.10) 

For a given Przanowski metric, all isometries are not necessarily of this type how- 
ever. Another possibility, but by no means the only one, is if /12 = h^, i.e. if h depends 
only on z 2 + z 2 : the metric (1.2) now admits a "type 2" Killing field K2 = i(<9 z 2 — $z 2 )j 
with moment map 

fi K2 = -\(ie h '\-ie h ' 2 M) , (4.11) 

corresponding to t + (x )1 ) — — | e h (/i2 ± y h\ + Ae 2h ) . It is not known how to relate such 
solutions of the master equation (1.1) explicitly, but on general ground there must exist 
a non-holomorphic change of variables which converts the metric into Przanowski's form 
with a type 1 isometry. 
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If however one knows the twistor space description, such a relation can easily 
be found. For example, if the isometry is realized on the twistor space as shifts of 
the complex coordinate a, one obtains Przanowski's descriptions with "type 1" or 
"type 2" isometries by taking the slices £ = oo or £ = 0, respectively. This follows 
immediately from the definition of the coordinates z a in (3.22) and (3.15). Then the 
knowledge of explicit expressions for these coordinates allows to find the corresponding 
non-holomorphic coordinate change. 



4.2 Calderbank-Pedersen meet Toda-Przanowski 

Self-dual Einstein spaces Ai with two commuting Killing vectors are described by the 
Calderbank-Pedersen ansatz [33], 

r P 2 -4r 2 (P 2 + P 2 ) dr 2 + dr/ 2 



ds< 



3 
A 



4^2 r 2 

[{V - 2tV t ) a-2rV v (3} 2 + \{V + 2r V T ) (3-2tV v a] 

V 2 (p2_ 4r 2(p2 + p2)) 



(4.12) 



where x M = {r, rj, (f,ijj} are real coordinates on M., a = y/rdcp and (5 = (r]d(p — dip)/ -Jr 
are invariant one-forms under the torus action, and V(t, rf) is a function satisfying the 
Laplace equation on the hyperbolic 2-plane with a specific eigenvalue, 



T 2 {dl + dl)V{r 1 ,r) = ^V{r 1 ,T). 



(4.13) 



As usual, V T = d T V and V v = d v V, etc. 

We now single out the Killing vector to cast the metric in Toda's form. For this 
purpose, define G = yfrV . The metric can be rewritten as [34] 

3 " 



ds l 



where 



A 



P 



^(r 2 d^ 2 + (G 2 + G 2 )(dr 2 + dr / 2 )) + -^ 



G 2 ) 



G G r 



G 2 ) 



r(G? 

Now, introduce new coordinates z 
additive constant, by [33] 

G t = -tV v , 







G G r 



Gi 



G 2 



(dip + ey 



r})d(p. 



(4.14) 



(4.15) 



~ (V + i(p) , p = G, where V is defined, up to an 



G v = tV t . 



The integrability condition for these two equations is G TT + G m 
follows from (4.13). Then it is straightforward to check that 



G t /t 



r 2 d^ 2 + (G 2 +G 2 )(dr 2 



dr] 2 ) = dp 2 + 4e T d^d^ 



(4.16) 
0, which 

(4.17) 
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where T = 2 log r can be viewed as a function of z, z, p (the additive constant ambiguity 
in V just amounts to an overall translation of the solution in the z plane). Hence (4.14) 
is of the form (4.1), and T satisfies the Toda equation (4.3). Since T is independent of 
ip, the Przanowski function h defined by (4.8) is independent of z 2 — z 2 . Therefore, the 
commuting isometries and d v correspond to type 1 and type 2 invariances of the 
Przanowski function, respectively. 

The relation to the Przanowski data and the variables of the twistor formulation 
can be found from (4.8) and (4.10) 

5. Examples 

5.1 S 4 and H 4 

In this subsection we discuss the quaternionic projective space HIP 1 (the four-sphere 
S 4 ) and its non-compact analogue, the hyperbolic plane H 4 . The hyperkahler cones 
are H 2 and EL 1 ' 1 , respectively. The twistor space above the QK space is obtained by 
projectivizing the HKC with respect to multiplication by complex numbers, so Z = CP 3 
or its non-compact version. This space can be covered by four patches, which we can 
consider separately to get a global construction of the four dimensional QK space. The 
data we need to provide to specify the twistor space Z are the Kahler potential Kz 
and the contact form X, on each of the patches. Below we give explicit formulae for 
one patch, the extension to other patches is relatively straightforward. 

As in [35], we give two equivalent descriptions, which both have their own virtues. 
The first description is the simplest and most commonly used, but does not obey the 
scaling properties that are used in the superconformal description of the hyperkahler 
cone. Therefore, many of the properties stated in section 2.3 are not satisfied. We then 
show how this can be cured in an improved version that we discuss at the end of this 
subsection. The two versions are related by a simple contact transformation. 

5.1.1 First version 

In the first description, we choose local coordinates ux, u 2 , u% on Z = CP 3 and construct 
the Fubini-Study metric with Kahler potential 

K = log^ (1 + M 2 + e|u 2 | 2 + e|n 3 | 2 ) . (5.1) 

Here, e = 1 for S 4 , and e = —1 for H 4 . Their twistor spaces are Riemannian or 
pseudo-Riemannian respectively. The holomorphic contact form is independent of the 
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signature and can locally be written as 

X — - (dm + u 2 du 3 - u 3 du 2 ) . (5.2) 
One can rewrite the contact form to bring it in Darboux form, by changing variables 
a = 7>{ui ~ u 2 u 3 ) , £ = u 2 , i = u 3 , X = da + £d£. (5.3) 
Twistor lines can be constructed as 

u\ = t , u 2 = z — ewt , u 3 = w + ezt . (5.4) 

Notice that they are not of the form (2.15), as explained in the beginning of this 
subsection. 

The boundary of this patch is when the coordinates U\,u 2 ,u 3 — > oo, or in terms 
of the twistor lines, at t = oo, that is the southpole on the two-sphere. Therefore 
the chosen patch on the twistor space projects to a patch on the twistor sphere which 
excludes the southpole. Moreover, for e = —1, there is an additional restriction. The 
Kahler potential (5.1) implies that we must restrict ourselves to the region 

1 + \ui\ 2 > \u 2 \ 2 + \u 3 \ 2 |z| 2 + H 2 <l. (5.5) 

This is precisely the defining equation for a unit four-ball B A . The four-ball is known 
to be a stereographic projection of H A , so z and w form a coordinate system on the 
quaternionic projective space. 

The contact potential can easily be computed from (2.5). We find 

t 
I 

Note that it is t dependent. Moreover, substituting the twistor lines into the contact 
form, we get the 577(2) connection 

, zdw — wdz , zdz + wdw — zdz — wdw 

V = 7- ii |2 , m , V = ie 1 , 71 | 2 , i i 2 x • 5.7 

1 + e(\z\ 2 + \w\ z ) 1 + e(\z\ 2 + \w\ 2 ) 

To determine the Przanowski function, we bring p + to the form (3.5), and follow 
the procedure outlined there. The easiest choice is to define the Przanowski coordinates 
as 6 

z 1 = w, z 2 = --, (5.8) 
w 



c 



(l + e(H 2 + M 2 )) • (5.6) 



6 Thc coordinate z 2 in (5.8) is not well defined for w = 0. One can cure this by defining z 1 = z 
and z 2 = w/z. The resulting Przanowski solution in these coordinates then takes the same form as 
in (5.9), but now in the tilde- variables. On the overlap, where w ^ 0, we have that z 2 = — 1/z 2 
and z 1 = —z 1 z 2 1 so the Przanowski function changes according to (1.6) with g(z 2 ) = —1/z 2 and 
f(z\z 2 ) = -z l z 2 . 
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such that 



h c = 2 log 





z 1 


2 


l + e\z l 


2 (1 + 


Z 2 


2 ) 



(5.9) 



In terms of slices, this solution can be obtained by taking the special slice t = 0. Indeed, 
it corresponds to the slice C(u) = u\ = 0, and we reproduce (5.9) from (3.12) by noting 
that Fc = log ^(.z 1 ) 2 . Changing z l — > e z and dualizing with respect to the type 1 
isometry, (5.9) produces the following solution to the Toda equation (4.3), 

Tc = 2l0g (ifci)' (5 ' 10) 

Taking other slices yields different solutions of the Przanowski equation. For in- 
stance, taking C'{u) = w 2 = 0, one may choose z' 2 = Ui,z a = u 3 and obtain from 
(3.12), with F c > = - log 2, 

/ic = -21og(l + e|2 /1 | 2 + |^ 2 | 2 ) . (5.11) 

Dualizing this into the Toda form leads back to (5.10) with p — > —p, which is obviously 
still a solution to (4.3). By comparing the twistor lines on the intersection of the two 
slices, t — and t' = ez/w, following the general prescription given in subsection 3.3, 
we find the non-holomorphic coordinate transformation 



z 



z 1 z 2 

'1 J/1 i l^2|2\ 12 



^(l + lz 2 ! 2 ), z > 2 = -e*- r , (5.12 



relating the metrics obtained from (5.9) and (5.11). This illustrates the general principle 
outlined in this paper. 

5.1.2 "Improved" version 

To obtain twistor lines that fall in the class discussed in section 2.3, one can change 
coordinates to 

? = , £=olog — , a = -logui. (5.13) 

This is a contact transformation, in the sense that 

dui + n 2 dn 3 — u 3 du 2 = 2u\ {da + £dfj . (5-14) 

In terms of these new Darboux coordinates, the twistor lines now read 

. . _ . . ~ 1, w + ezt 1 , , . 

£={z-ewt)(w + ezt)/t, £ = - log — , a = -logt, (5.15) 

2 z — ewt 2 
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which do fall in the class of (2.14). These expressions for the twistor lines are valid in 
the patch away from the cut from t+ = ez/w to t_ = —ew/z. 

This description follows from the following construction of the twistor space. We 
cover the twistor sphere by three patches: the patches Ut± surround the points t± and 
the rest is covered by Uq. The two non-trivial transition functions are given by 



±2^ioge 



(5.16) 



and there is a no n- vanishing anomalous dimension c a = \. Then the general equations 
(2.15) and (2.17) reproduce 7 the twistor lines (5.15) if one identifies 



n 



\zw\ 



A = e(\z\ 2 - \w\ 2 ) 



B = an 



w 



arg(zw) , (5-17) 



and rotates t by the phase of zw: t — > 

The Kahler potential, after a Kahler transformation, becomes 



K = log 



cosh(a 



a) 



e|£|cosh(| + 



and the contact potential is now t independent, 

e*' = e*/«i = i (1 + e(k| a + H 2 )) • 
Choosing the slice t — 0, the procedure of section 3.2.3 leads to 



log(zw) 



1 w 
- log — 

2 B z 



and 



h = -2 log - (e" (zl+5l) + 2e cosh(z 2 + z 2 )^j 



(5.18) 

(5.19) 

(5.20) 
(5.21) 



5.2 The universal hypermultiplet 

In this section, we illustrate our general results in the case of the perturbative hyper- 
multiplet moduli space in type IIA string theory compactified on a rigid Calabi-Yau 
three-fold X. For brevity and following a common abuse of language, we refer to this 
space as the "universal hypermultiplet" space M.. This is a (non-complete) quaternion- 
Kahler deformation of the quaternion-Kahler symmetric space SU{2, 1)/U(2), a non- 
compact version of CP 2 = SU(3)/U(2). The deformation is physically interpreted as 

7 For that one should use the trick explained in section 3.4 of [35] which allows to close the integration 
contour despite the presence of the logarithmic cuts. This amounts to integrating the function 
around the figure-eight contour surrounding t±. 
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a one-loop correction to the moduli space metric. It has a curvature singularity which 
is presumed to be resolved by instanton corrections (perturbative corrections vanish 
beyond one-loop). 

The metric on Ai can be written in terms of four real coordinates, denoted by 
{r, C, Cj °"}) 8 as follows 



A o 2 - 



^ d ^(- 2 c)^ + i ^( d . + c d c-cac) 2 

(5.22) 

Here r = e^ represents the four-dimensional string coupling constant 1/gf, C/2,C are 
the periods of the Ramon-Ramond three-form on a basis of H 3 (X,Z*) and a is the 
Neveu-Schwarz axion. The parameter r is the modulus of the Jacobian of X (see 
[12] for more details); it can be reabsorbed into a linear coordinate transformation of 
(C/2, C)- Although it does affect the global structure of A4, for the local considerations 
in this work there is no loss of generality in setting r = i. The parameter c = — 
is determined by the one-loop correction to the tree-level metric, with xx the Euler 
number of the Calabi-Yau manifold X [7]. For c = 0, or in the classical limit r — > oo, 
(5.22) reduces to the metric on SU{2, 1)/U{2) with isometry group SU{2, 1). For c ^ 0, 
the isometry group is broken to the 3-dimensional Heisenberg group acting as shifts in 
a, C and Cj 

r^r, + C^C + A <r-<7-4a-/3 7 + 7C-/3C, (5-23) 

where a, (3 and 7 are real parameters. Despite appearances, the quaternion-Kahler 
metric (5.22) is regular at r = and r = — c [36]. The curvature singularity at r = —2c 
is expected to be resolved by instanton corrections. 

5.2.1 Calderbank-Pedersen, Toda and Przanowski 

Since the Killing vectors n\ = d a and K2 = — (d a commute, the metric can be 
brought into the Calderbank-Pedersen form of Section 4.2. This is achieved by changing 
coordinates to [7, 10] 

r = V7T~c, V =^, <p = (, ^ = g(<7 + C0- (5-24) 
The Calderbank-Petersen potential V and Toda potential T are then given by 

V = r 3/2 - cr 1/2 , T = log(p + c), (5.25) 



8 They are related to the coordinates used in [11] as x — — §' ^ = ^ anc ^ our a corres P on ds to 
4<t + 2x*f there. 
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where we have used the fact that G = r 2 — c, V = —2r] which are easily seen to satisfy 
(4.13), (4.3). 

From the general discussion in Section 4.2, or referring back to [11], we can therefore 
cast the metric (5.22) in Przanowski's form (1.1) by setting 

z 1 = - (r + clog(r + c)- 1 -C^j- 1 l (a + (() , z 2 = -i(C - 2i£) , (5.26) 

2 

h = - log . (5.27) 
r + c 

In this formula, r is the function of (z 1 , z 2 ) and is determined by the following equation 

r + clog(r + c) = ^(z 2 + z 2 ) 2 - ^(z 1 + z 1 ) . (5.28) 

By computing the derivatives of h implicitly, it is easy to verify that (5.27) does solve 
the master equation (1.1). For c = 0, h may be expressed explicitly in terms of (z 1 , z 2 ), 



: h = - log 



(5.29) 



5.2.2 Twistor space 

On the other hand, the twistor description for (5.22) is based on the covering of the 
Riemann sphere by three patches [19, 18] : U± are patches around the north and the 
south pole, whereas the patch lA® covers the rest. 9 Specifying the general results of 
[19, 18] to the prepotential F(X) = | X 2 , one obtains that the transition functions 
between these patches read 

tf[°+] = -^ 2 , H^ = le- (5.30) 
In addition, a has anomalous dimension, due the one-loop correction, 

C£ = 0, c a = -2c. (5.31) 
They lead to the following Darboux coordinates in the patch Uo 10 

Z = Q + 2^f7T~c{r l -t), i =^C+2V / ^+^(^ 1 + *) ) 

a +l& = -l°-\ ^+~ c ((C " 2i rl + (C + 2iC)t) - 2c log t . (5.32) 



9 In principle, the patches U± are sufficient in order to cover the twistor space of the perturbative 
universal hypcrmultiplct. Nevertheless, it is convenient to introduce the additional patch Uq for reasons 
explained in [18]. 

10 To simplify the notations, we will omit the index [o] for the twistor lines in this patch. 
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Following the same procedure as in the previous subsection, one can compute the 
contact potential and the SU(2) connection one-forms. The contact potential is real, 
constant along the fiber, and coincides with the four-dimensional dilaton 



e = r 



(5.33) 



so that the Kahler potential is given by 



K = lot 



2r(l + tt) 



(5.34) 



It is impossible to write it explicitly as a function of Darboux coordinates and their 
complex conjugate. This can be done however for c = 0, in which case it reads as [37] 



K = \ log 



16 



a + a + -(f + 0(f + 



(5.35) 



One can explicitly check that the Monge- Ampere equation (2.22) is satisfied, as well as 
the other identities on the twistor space (2.21). The SU(2) connection is easily found 
by expanding the contact form, 



V 



4r 



(dC-2idC) 



V 



■(da + CdC-CdC) 



(5.36) 



One may check that the Przanowski description presented above follows from this 
twistor construction by restricting to the t = slice. In particular, the function (5.27) 
follows from (3.23) and the coordinates (5.26) coincide with (3.22) up to a constant 
shift in z l . It is also easy to verify that the relations (4.10), (4.18) to the Toda and the 
Calderbank-Pedersen variables, respectively, are indeed satisfied. 



5.2.3 Alternative Przanowski description 

The Przanowski function (5.27) has a type 1 Killing vector K\ = d a , and is canonically 
associated to n± along the lines of Section 4.1. The other Killing vector K2 = — (d a 
is realized as a type 2 isometry. There is however a different Przanowski representa- 
tion of the metric (5.22) canonically associated to k 2 , i.e. where k<i becomes a type 1 
isometry. Since the moment map associated to k 2 is proportional to £, this representa- 
tion may be reached by choosing the complex submanifold £ = 0. More generally, the 
complex submanifold £ = x for any fixed complex number x produces a Przanowski 
representation of the metric (5.22), which interpolates between the two afore-mentioned 
representations. For simplicity, we restrict to the case with c = 0. 
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The slice £ = x is an example of the £-parametrization discussed in Section 3.2.1, 
and leads to the Przanowski description provided by (3.15) and (3.16) with W = x£. 
This gives 

z' l =i, z' 2 = a + x£. (5.37) 
and produces the following solution of the master equation 

16 



h'(z'\z' 2 ) = - log 



(5.38) 

The coordinates z /Q are related to the real coordinates x M in (5.22) by solving the 
condition £ = for i(x^) and plugging into (5.37), 



i ~ 1 



z' 1 = -C+^lGr + iC-xy, (5.39) 
z ' 2 + = _I ^ + £<jf) _ I(£ + a:) v / 16r + (C-a;) 2 . (5.40) 

In particular, as advertised previously, the Killing vector k 2 is now type 1. The fact 
that h! is independent of x + x follows from the fact that Re (x) can be reabsorbed into 
a shift of (. In particular, for x — 0, the coordinates (5.40) are related to (5.26) by the 
non-holomorphic change of variables 

z' 1 = \{z 2 - z 2 ) + \^\Q{z^ +¥) + 12(^ + z 2 )\ 

2f, 2 + ^ (5 - 41) 
^ 2 = (^ - 2 i) - ^ ^ V /16(^ 1 + z 1 ) + 12(z 2 + ^ 2 ) 2 , 

8 

which illustrates the general situation described in Section 3.3. 



6. Linear perturbations 

In this section, we present one of the main results of the paper. Namely, we analyze 
linear perturbations of self-dual Einstein manifolds with an isometry. The general 
theory of quaternionic perturbations was developed in [18], which we specify here to 
the case of four dimensions. We show that the linearized master equation (1.3) is 
equivalent, after suitable rescaling of 6h, to the vanishing of the conformal Laplace- 
Beltrami operator on Ai. We further express the variations 8h through the Penrose 
type integral of a set of holomorphic functions representing a section of H l (Z, 0(2)), 
which governs the perturbations of the twistor space Z. 
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6.1 Linearized master equation and conformal massless field 

To begin, we observe that in the background of self-dual Einstein manifold Ai with a 
type 1 isometry, the linearized master equation (1.3) controlling perturbations of the 
quaternion-Kahler metric on A4 has a simple relation to the Laplace-Beltrami operator 
on AL Indeed, noting that the inverse Przanowski metric is given, in d\, d 2 basis, by 



9 



a/3 



A e~ h 
3 



h 2 2 + 2e l 
—his 



-h 2 i 



(6.1) 



the Laplace-Beltrami operator on M. reads 
A = — 

2Ae~ h 



\hl\d22 + ^-22^11 — ^12^21 — h 2 idi 2 



3|/ix| 2 

It is then a simple matter to check that, when 11 hi 



dPrz h (Sh) =e h \hi\ 



2A 



e^ (hidi 
-- hi, 
+- 1 



hidi + 2du)] 



(6.2) 



Sh 



hi 



(6.5) 



Thus, in this case, the metric perturbations preserving the QK property (but not the 
isometries) are, up to rescalings by \hi\ 2 , eigenmodes of the Laplace-Beltrami operator, 
with a specific eigenvalue equal to Rj 6 = 2A/3. This value corresponds to a conformally 
coupled massless scalar field, such that (6.5) is invariant under conformal rescalings of 
the background metric [19]. 

6.2 Penrose contour integrals 

As explained e.g. in [38, 39, 19], eigenmodes of the Laplace-Beltrami operator 12 on a 
quaternion-Kahler manifold with this particular eigenvalue are known to be generated 



11 This identity is the specialization to the type-1 isometric case of a more general statement which 
holds for any solution of the master equation, 



dPrz h (<J/i) =z h \h 1 \' 



3 x 

A - 

2A 



1 



where the operator 



2V^(d,, + -(d I ,log|/ ll | 2 ) 



5h 



V a = d a log 



hi 



(6.3) 



(6.4) 



reduces to A when hi = h\. However, the geometric interpretation of this more general operator is 
unclear in the absence of type-1 isometrics. 

12 In dimension An > 4, Eq. (6.6) in fact produces solutions of the stronger condition 
{e A ' B 'V A A<^BB> - vtAB)i> = 0, which implies [A - R/(2(n + 2))]ip = [19]. 
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by a Penrose-type contour integral formula [19] from a holomorphic section of H 1 (5), 
homogeneous of degree 2. This section may be described locally by holomorphic func- 
tions W lJ \ subject to the co-cycle relation + vp^l = ^ %k \ The solution ip is then 
obtained by the contour integral formula 



Ini Jo 



2A 



A + l 



^ = 0. 



(6.6) 



where Cj are closed contours around each of the patches Uj and tia'Dtt a is the Liouville 
form on S (note that the r.h.s is independent of the value of % due to the co-cycle 
relations.). Using (2.10), it is easily seen to be equal to 



ttaiDit = e A. Ul 



2e 



Dt 



(6.7) 



Moreover, since ^ 3 '(tt, x m ) is holomorphic and homogeneous of degree 2, it can be 
expressed as ^f^(ir, x M ) = e _2AW ^ r ' u '](^, £, a), where \l/^(£,£, a) can be viewed as an 
element of H 1 (Z, 0{— 2))). Putting these facts together, the Penrose integral (6.6) may 
be rewritten as 



df 



-e^ 1 #M (£,£,«) 



2?rit 



(6i 



where $, £, £, a are viewed as meromorphic functions of t, for a fixed point on the 
base M.. In the case of an Einstein self-dual metric with a type 1 isometry, this may 
be rewritten using (3.36) as 



(6.9) 



On the other hand, we know from [40, 18] that deformations of the twistor space 
Z are governed by an element of H 1 (Z,0(2)). This can be represented locally by 
holomorphic functions (£, £, a) , defined on the overlap of two patches Ui HUj , which 
determine the perturbation of the holomorphic transition function from section 
2.2. The perturbed contact potential is then obtained by expanding (2.16), (2.17) to 
linear order in perturbation. In the case when the background has one isometry, we 
can use the results (3.23), (3.22), (3.38) to obtain the perturbation of the Przanowski 
function, 



Sh 



-25(f) - hjz c 



h & 8z & 



25e' t> + Re 5a 



„[+] 



6 



(6.10) 
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Keeping the real coordinates 1Z, A, B, B a unperturbed and using the integral equations 
(2.15), one finds 

5h=-h 1 J2[ (H^ ] + 5£Wd m H^ _ (e W _ £ (Q) ) sfWi) , (6.11) 

where £ (0 ) = A + 7?. (t' 1 - t). This can be further simplified by substituting integral 
representations for <5£ and £ — £(o). Then the second and third terms differ essentially 
only by the order of integrations. They exactly cancel each other since the contribution 
of the pole at t = t' coming from changing the order of integration is canceled by the 
term accounting for the difference between £M in (6.11) and £^ to be used in this 
cancelation. Thus, one finally obtains a very simple result 13 

* = -^E£^4f (613) 

Thus, comparing (6.13) with (6.9) and using (6.5), we may identify 



V> = j|p *M = -fT$I. (6.14) 



This identification between H l (Z, 0(2)) and H 1 (Z, 0(—2)) of course relies on the par- 
ticular trivialization A = chosen to relate \& and Using (6.14), we can in principle 
lift any solution of the linearized master equation (1.3) to a section of H l (Z,0(2)), 
and therefore infer the contact structure on the deformed twistor space. 

6.3 Instanton corrections to the universal hypermultiplet 

To illustrate the above results, we now make contact with the analysis of instanton 
corrections to the universal hypermultiplet in [11]. To begin however, note that for 
the metric (5.22), one may directly prove that the contour integral (6.9) produces 
eigenmodes of the conformal Laplacian, using the facts that h\ — 1/ (2r) and 



3 A + l-dt ( 77 t~t r^dt + ^+Ait^—dj']] (-v) =0, (6.15) 

\A(r + c){r + 2cy ' r + c J J\\t J v ' 



2A 



13 It is not difficult to generalize (6.13) to include the variations of anomalous dimensions. In this 
case the result takes the form 



dh = —h\ 



f ^it ( H(1> + Sc t log 1 d t H ) + (2 + h ~ log h * )5Ca + ( h ~ log h *) 6c z 



(6.12) 



Although the anomalous dimension terms arc not integrals of a holomorphic function, they are anni- 
hilated by the conformal Laplacian. 



- 33 - 



for any holomorphic function \l/(£,£, a). If Cj are closed contours, one may integrate 
by parts and check that the conformal Laplace equation (6.6) is satisfied. One may 
also consider open contours, provided one makes sure that all boundary contributions 
coming from the integration by parts and the action of the Laplace operator on the 
limits of integration cancel each other. It can be demonstrated by a rather lengthy 
computation that this is the case when the end points of the contour lie on any complex 
submanifold of Z. 14 Such open contours will play an important role in what follows. 

As a first example, we choose a set of holomorphic functions independent of a, of 
the form 

^(£,0=e^- 2pf \ (6.16) 

for arbitrary " charges" p, q. We integrate it over the contour C going from t = to 
t = oo along the direction (p — | q)t _1 G K + 

Sh M = h 1 / ^-e^-«. (6.17) 

By using (6.15), this will produce an eigenmode of the conformal Laplacian; the bound- 
ary terms vanish since the exponential is exponentially suppressed at t — 0, oo along 
C. The integral (6.17) can now easily be done and produces a modified Bessel function 
with index 0, 

Sh p , q = K (V(r + C )(V+p 2 )J . (6.18) 

In [11], this deformation was found to describe a single D-brane instanton 15 correction, 
coming from a wrapped D2-brane on the cycle (p,q) G Hs(X,7j). The same holomor- 
phic function as in (6.16) also governs the complex contact transformations on Z, and 
in particular determines the D2-brane corrections to contact potential (2.17) in terms 
of a modified Bessel function with index 1 [21]. It is straightforward to check that 
this is indeed consistent with the formula (3.23) relating the contact potential and the 
Przanowski function in the special slice t — 0. In checking this one must take into 
account the deformation of the coordinates z a as in (6.10). 
As a second example, we consider, for k > and v G C, 

*M = (\^±ly ^K«+\m-K\?-^) , (6.19) 

14 This fact can be understood hcuristically as follows. Open contour integrals are expected to arise 
from closed contour integrals, associated to standard coverings of Z by open patches, upon shrinking 
the integration contour around branch cuts in the transition functions. Since the transition functions 
are holomorphic sections of some line bundle on iJ, the end points of the cuts, and therefore of the 
open contours, must be given by holomorphic sections t(x^) of Z. 

15 Thc inclusion of multi-coverings turns \P into a dilogarithm sum [21]. 
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and choose a contour C connecting t — oo (t = 0) to the point t±(x fJl ) on the complex 
submanifold £ ± 4£ = 0, namely. 



f± = - 



(6.20) 



±C + 2iC. 

Changing the integration variable as t = t±(s + 1) , one finds 

( i (- _|_ i ?\i/—8ck . . 

^£ = C [ ^ ~W ick _ v _, k mr + c)) e-KiC 2 +C 2 )^, (6 . 21) 

ry r + c 2 

where C is an irrelevant constant and the Whittaker function is defined as the integral 

-z/2 m+\ poo 

Wt, m (z) = * * r / s m ~^'\s + ^^^e— d, . (6.22) 

This result reproduces the family of solutions discussed in Eq. B.19 in [11] for k = 
8ck — v. In the weak coupling limit r — > oo, 8h k v \_ is exponentially suppressed 

Sf M (K±J C)^~ 8 ^ -4fcr-fc(i c 2 +C 2 )±jfc°- C6 231 

and the argument of the exponential agrees with the NS5-brane classical action. Note 
that (6.21) has branch cuts in the ((, Q plane, a feature which may be undesirable for 
NS5-brane instanton corrections. However, for the special value v = 8ck in (6.21), the 
branch cut disappears and the instanton correction becomes particularly simple. In 
this case it can be written also through the incomplete Gamma function 

Shff = Cr-\r + c) 4cfc T (-8ck,8k(r + c)) e 4kr ~ h ^ ? + ?)± ik ° , (6.24) 

where T(s,x) = t s ~ 1 e~ t dt is the incomplete Gamma function. This reproduces the 
solution (4.6) in [11]. For c = it also agrees with Eq. (4.72) of [12], upon setting 
s = l\ = £2 in this reference. 

More generally, one would like to determine the holomorphic functions correspond- 
ing to a complete basis of solutions of (1.3), regular in the £ plane, and exponentially 
decaying at r = 00 and ( = 00. A particularly convenient basis can be found by 
separation of variables, and is given by 

8h k , n ,± = r~\r + c) 4ck H n {CVk) U(l + n + 8ck, 1 + 8ck, 8k(r + c)) e -^r-k<4±ik(a+cO ? 

(6.25) 

with n G N, H n are the Hermite polynomials and U is the confluent hypergeometric 
function of the second kind. For n — 0, this reduces to Eq. (4.9) in [11], while for c = 0, 
it reduces to the non-Abelian Fourier eigenmodes in Eq. (1.18) of [12], again setting 
s = 0, n = in this reference. Some results can be obtained to find a representation of 
the holomorphic section ^k,n governing (6.25) for n = 0, but the generic problem for 
arbitrary values of n remains an interesting open problem for future research. 
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7. Discussion 



In this work, we have discussed Einstein self-dual manifolds Ai, the four-dimensional 
avatar of quaternion-Kahler manifolds, with particular emphasis on their Heavenly de- 
scription, namely as solutions of Przanowski's equation (1.1). In particular, we have 
related this description to the more standard twistor construction for quaternion-Kahler 
manifolds, and have shown that the Przanowski function h was equal to the Kahler po- 
tential K on Z in a certain Kahler gauge, restricted to any complex (local) submanifold 
C of Z, Eq. (3.12) above. Different choices of C lead to diffeomorphic hermitian metrics 
on A4, where different (local, integrable) complex structures are manifest. Varying C 
leads to "pure gauge" solutions of the linearized master equation (1.3), which lie out- 
side the class of infinitesimal holomorphic diffeomorphisms (1.5). These "pure gauge" 
solutions however do not seem to be expressible in terms of h and its derivatives in 
general, see (3.33) and (A. 14) for two illustrative examples. 

If M. admits a a Killing vector, there is a preferred choice of submanifold C, the 
zero locus of the 0(2) valued moment map, which determines a canonical complex 
structure (up to complex conjugation). In this complex structure, the Przanowski 
function has a type 1 symmetry (hi = hi), and determines a solution of the continuous 
Toda equation (4.3) via (4.8). This reproduces Tod's parametrization (4.1) of Einstein 
self-dual manifolds with one isometry. If M. admits two commuting isometries, then 
we have shown that it could be represented by a Przanowski function with both type 1 
and type 2 (h 2 = h%) symmetries. Such a function determines a solution of the Laplace 
equation on the Poincare upper half-plane (4.13), reproducing the Calderbank-Petersen 
parametrization (4.12) of Einstein self-dual manifolds with two commuting isometries. 
To our knowledge, the relation between the Calderbank-Petersen potential V and the 
Toda potential T has not appeared previously in the literature. 

By a similar reasoning, a Killing tensor of higher rank on Ai would determine a 
2n-plet of locally integrable complex structures. Indeed, for a rank n Killing tensor, 
there is a variant of the moment map construction, which is now a 0(2n) global section 
[i [41, 42]. Any of the 2n zeros of [i determines a locally integrable complex structure. 
It would be interesting to understand how the generalized Killing symmetry constrains 
the corresponding Przanowski function. 

Having understood the twistorial origin of the Heavenly description, we were able to 
cast solutions of the linearized master equation (1.3) around an Einstein self-dual metric 
with one Killing vector into the general formalism for perturbations of quaternion- 
Kahler manifolds developed in [11]. To this aim, we observed that the linearized master 
equation around such a background is equivalent to the conformal Laplace-Beltrami 
operator on A4, Eq. (6.5), the zero-modes of which can be obtained by a Penrose- 
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type contour integral (6.8) of an holomorphic section \1> G H X {Z, 0(— 2)). By studying 
perturbations of the twistor lines on the special complex locus t = 0, we were able to 
relate ^ to the holomorphic section H m e H 1 ^, 0(2)) which governs the perturbations 
of the complex contact structure on Z. This relation in principle enables us to lift any 
solution of (1.3) to a perturbation of the twistor space Z. 

For perturbations around self-dual Einstein manifolds without isometry, the equiv- 
alence between the linearized master equation and the conformal Laplace-Beltrami 
operator no longer holds. Instead, one must replace the Laplace-Beltrami operator by 
A, defined in (6.4). It would be interesting to understand A geometrically, and provide 
a Penrose-type integral formula for general solutions of (6.3). 

The main motivation for this work was to understand the structure of instanton 
corrections in hypermultiplet moduli spaces in string theory. In Section 6 we applied 
our results to the special case of the "universal hypermultiplet" , i.e. the hypermultiplet 
moduli space in type IIA string theory compactified on a rigid Calabi-Yau manifold X, a 
particular example of a self-dual Einstein space with negative curvature. In particular, 
we showed that the solutions (6.18) of the linearized master equation corresponding to 
D2-brane instantons are consistent with the analysis in [21]. We have also taken some 
steps in lifting the solution (6.25), which should physically correspond to NS5-brane 
solutions, to the twistor space. We have succeeded for the related "symmetric gauge" 
solution (6.24). Such a solution (for c = 0) appears in the Fourier expansion of the 
Picard Eisenstein series which was considered in [12], though it is not well suited for a 
systematic analysis of the non-Abelian Fourier expansion. 

Eventually, one would like to be able to construct the exact quantum corrected 
metric on the hypermultiplet moduli space in rigid Calabi-Yau compactifications. This 
could be achieved by determining the exact contact structure on the twistor space, by 
providing a set of complex contact transformations consistent with the cocycle condi- 
tion, such that the metric reduces to (5.22) in the weak coupling limit r — > oo, up to 
exponentially suppressed corrections of the form discussed above. This finite deforma- 
tion of (5.22) should tame the divergence of the D-instanton series [43], and resolve the 
curvature singularity at r = —2c. When r = \/—d where d a positive integer, it was 
argued in [12] that this exact metric would be determined by automorphy under the 
Picard modular group SU(2, 1, Z[r]). The analysis of [12] however remained suggestive 
only due to the difficulties of implementing discrete symmetries at the level of twistor 
space (see [36] for recent progress in the case of SL(2, Z)). Hopefully the results in this 
paper will be useful in this direction. 

More ambitiously, one would like to determine the exact quantum corrected metric 
on the hypermultiplet moduli space for general, non-rigid Calabi-Yau compactifications. 
In this respect, we note that the Heavenly parametrization generalizes straightforwardly 
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to quaternion-Kahler manifolds with dimension An > 4, though the master equation 
(1.1) is replaced by 2n — 1 partial differential equations. It would be interesting to 
determine the linearized perturbations corresponding to NS5-brane instantons, and 
their lift to the twistor space. 
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A. Derivation of the Przanowski equation in the £ = gauge 

The complex slice £ = allows for a simple "top-down" derivation of the Przanowski 
equation from the twistor space constraints as follows. Eqs. (2.24) reduce to 

K l& = 2 e 2K K ^ ^ K & = _ 2e 2K R _ ^ K aa = Q 2K _ (A.l) 

Using the comatrix formula for K~ in terms of K %3 and the Monge-Ampere equation 
(2.22), we readily obtain 



= Ae 2K \Kg + K^KA . (A.2) 

Requiring that K %3 Kj k = 5 % k produces 4 linear equations in K^=, K^, K^, Kg: 

e 2K K ~ - 2e 2K K=K-~ + 2e 2K K,K~~ = , (A.3) 

e 2K K a „ - 2e 2K K~K& + 2e 2K KgKg- -1 = 0, (A.4) 

-2e 2K K^K adl + Ae 2K K^{K fi + K^ + Kg-K^ = , (A.5) 

-2e 2K K;K | + Ae 2K KMK?~ + K;K~) + K~~K^ = . (A.6) 

A non-zero solution exists when the discriminant vanishes, 

e 2K K a! K ia + K~ + KgK~ - e 2K K adl K~ = . (A.7) 

This reproduces the Przanowski equation upon identifying 

z 1 =£, z 2 = a, h=-2K. (A.8) 
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Having imposed (A. 7) and setting z 3 = £, we can now solve for the remaining compo- 
nents in terms of derivatives of h in z 1 , z 2 and of A 3 and A3: 

= < A - 9 » 

-[^j2 Q ^22 + e h + A 3 /i 2l + K 3 h X2 + 2h 11 \K 3 \ 2 j , (A.ll) 
2e~ h 

A 31 = -— (h 2l + (2/in - M 2 )A 3 ) , (A.12) 
til 

A p - h /I \ 

* = - |^]2 ( 2 ^ + 6 + + K ~ 3kl ' 2 + {2kl1 ~ |/ll|2)|K3 ' 2 ) • (A ' 13) 

The functions A3 and Ag are undetermined at this stage, however additional conditions 
follow from requiring that A 3 g, A 3 j, A 3 g are derivatives of A. In particular, the phase 
A3/A3 can be determined as follows. Since h is related to the Kahler potential as in 
(3.16) with W = 0, the variation of W around zero should produce an eigenmode of 
the linearized master equation (1.3). Therefore, 

dPrz h [-25H/ 1 (z 1 )A 3 - SW{z 1 )h^[ = (A.14) 

for any holomorphic function W{z 1 ). Requiring the vanishing of the term proportional 
to W'iz 1 ) leads to 

e^iAs - (2e h + h 22 )K 3l + h 2l K 3 - 2 = (A. 15) 

which reduces, using (A. 9), to 

A3 hi . . 

W = T- A - 16 

A3 hi 

The vanishing of the term proportional to W provides an additional constraint, but 
does not seem to allow to solve for the modulus of A3 algebraically. 

B. Reconstructing the twistor lines from Przanowski's function 

In the presence of two commuting isometries, and assuming for simplicity that the 
anomalous dimensions vanish, the twistor lines on Z can be found from the Przanowski 
function h as follows. The Darboux coordinate £ is defined globally by the (9(2)-valued 
moment map for the type 2 isometry, Eq. (3.37). Using (3.38), this can be written as 

h J 1 / 2 
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The other Darboux coordinates can be searched for as Taylor series in t, 

oo oo 

|W = z 2 + £>£H qW = z 1 + ^f«W. (B.2) 



n=l n=l 



Plugging in these expansions into (2.5) and using (3.38), (3.36) and (3.22), one may 
derive the following condition 



d ( z 1 + £ ^ ) + " 2+e ^ (rl " t} d ( z - + f; ff + 1 

n=l / 1 \ n=l 

(dt + e h ' 2 dz 2 + ^ (h a dz a - hadz") + t 2 e h / 2 dz & j . 



(B.3) 



Extracting the terms proportional to dt, one obtains a set of algebraic equations which 
can be solved for alt\ giving 



= " £ 4 +I + ^ - - (n + 1)^) • (B.4) 



The remaining terms then produce a sequence of differential equations for the coeffi- 
cients 

d (| 2 +1 + 2 2 + z 2 ) + g +] (d/i - 2d log hi) + e _ft (d/i 2 - h 2 d log = 0, (B.5) 
d (^i + £i) + (( n + 1)^1 - (n - l)£ ] i) Q dfc - d log O (B.6) 

+ne- h/2 4 +1 (dh 2 - h 2 d log /ii) =0, n > 2. 

This recursive system allows in principle to compute all the coefficients in (B.2) in 
terms of the Przanowski function h. In particular the integrability condition for the 
first equation reduces to the master equation. 
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